RIESZ SUMMABILITY FOR DOUBLE SERIES*

BY
FLORENCE M. MEARS

I. INTRODUCTION

Among the definitions for summing simple series is that introduced by’
M. Riesz in 1909, and later generalized by him to the following form:

Let {X\.} be any sequence of positive numbers, increasing and becoming
infinite, with A\, =0; let p be any real number greater than or equal to zero.
Consider the series Y s1,...., cx. Write

y(s) = s7? Z(s — &) %cy.

A<

lim y(s) = C,

$—

If

the series Y i1,. ..., Cx is said to be summable (R, \, p) to sum C.{

The purpose of this paper is to extend this definition to one for summa-
bility of double series, and to develop some of the properties of this extended
definition. We consider the double series

un + w2 + s+ - - -
(1.1) T %o + tes + sz + - - -
+ .
Let {\.} and {u.} be two sequences of real numbers, increasing and becom-
ing infinite, with A\; =0, u; =0; let p and r be any real numbers. We define

(1.2) Cots,)= 2 2 (s = M) = w)uw.

Mq<s pi<t
We shall write

Caylo,7) = C::(a,-r) = E uy; for

k=1,l=1

{7\".<a§>m+1
o < TS pnp1

Then for p >0, >0, we have

* Presented to the Society, September 9, 1927; received by the editors in July, 1927.
t Riesz, Sur la sommation des séries de Dirichlet, Paris Comptes Rendus, July 5, 1909.
1 Riesz, Sur les séries de Dirichlet et les séries entiéres, Paris Comptes Rendus, November 22, 1909.
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(1.3) C(s,0) = pr fo ' fo Caalem) (s — 0)Pi(t — 7)1 drdo.
For p=0,r>0,

(1.4) s =7 fo s ) (=) dr,

and for =0, >0,

(1.5) €5, = J; " Cnle, (s — o).

We shall say that the series ) i ja1,.- .., % is summable (R: \, p; u, 7) to
sum U, if
lim s?¢rC(s,0) = U.
so® fow M

The present paper includes theorems relative to the regularity and total
regularity of the extended definition; it establishes a relation between
methods of summation of the same type, A and u, when either p or 7, or both p
and 7, are changed; a relation between methods of summation of the same
order, p and r, when either \ or u, or both A and y, are changed; certain neces-
sary conditions for the Riesz summability of double series; theorems for the
Dirichlet and Cauchy products of double series, corresponding to the
theorems of Mertens, Cauchy and Abel for the Cauchy product of simple
series; a sufficient condition for the summability of the product of two
double series to the correct sum.

The proofs are similar to those of Hardy and Riesz* for the Riesz defi-
nition for simple series, with such alterations as might reasonably be ex-
pected because of change in dimensionality. Because of this similarity, the

proofs are in many cases condensed; where they differ, they are given in more
detail.

* Hardy and Riesz, General Theory of Dirichlet’s Series, Cambridge Tracts in Mathematics and
Mathematical Physics, No. 18. We shall refer to this tract by the letters H. R.

t The theorems of the present paper include as special cases results for the summability of
bounded double series. Certain of these results for bounded series, obtained by Dr. G. M. Merriman,
have been included in his paper Concerning the summability of double series of a certa’n type, Annals of
Mathematics, (2), vol. 28, p. 515. We shall refer to this paper by the letter M. The writer’s first infor-
mation regarding Dr. Merriman’s work was obtained on reading an abstract of it which appeared in
Bulletin of the American Mathematical Society, vol. 33 (1927), p. 407, after the present paper was
completely written for publication.
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II. REGULARITY AND TOTAL REGULARITY
Denote by {xma} the double sequence

%11, %12, %13, °

Xo1, X22, X23, * ° °

associated with the double series (1.1). Then

m,n
Tmn = Z Ukl.
kel , lm1l

A method for evaluating double series is said to be regular if whenever
{%ma} is a bounded convergent sequence, the transformed sequence con-
verges to the same value. A regular transformation of real elements is said
to be totally regular if when applied to a sequence of real elements {xma}
which has the following properties,

(@)  %mn bounded for each m,
(b)  %ma bounded for each #,
(c) lim xmn = + 0 ]

m—ro n—ro

it transforms the sequence into a sequence which has for its limit + .
Let
(2.1) sPC () =y (s, ) = 25 anls,t)zm.
» b1, b1

In order that a transformation of this form be regular,* it is necessary
and sufficient that

(a) lim au(s,t) =0, for each kand ! ;
$—® .t—oeo
(b) lim Y au(s,t) =1;
ko1, bl
(c) lim Y | axi(s,?) | = 0, for each/;
3—»n'l-uo k=l
(d) lim Y | an(s,t)| =0, foreach & ;
s> 'l—on la=1
(e > | auls,®)| < 4, for every pair of values of s and £.
kel b1

* G. M. Robison, these Transactions, vol. 28 (1926), p. 67.
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In order that a transformation of the form (2.1) be totally regular*
it is necessary and sufficient that there exist integers ko and /o such that
au(s, £) =0, when k> ko, 1>1,, for all s and ¢.

We state without proof the following theorems.

THEOREM 1. (R: \, p; u, r) is regular for p 20, r 20.
THEOREM II. (R: \, p; u, 7) is totally regular for =0, r=0.

ITII. LEMMAS

We shall derive eight lemmas, which are necessary for the proofs of the
subsequent theorems.

We make use of the symbols o, O, O,, and O, which we define as follows.

If ¢ is a positive function, we shall write

J(x,9) = o(é(x,)),
if lim (f/¢) =0, as x— o, y—, independently.
If ¢ is a positive function, and if to any pair of constants, a;, 8:, where
0 =< ay =P, there corresponds a constant M, such that

| /]

—— < M,, fora; < x = B1, and for all y,

we write
f(x) y) = Oz(¢(x’ D’)) .
If ¢ is a positive function, and if to any pair of constants, a,, 8, where
0 < o, =<3, there corresponds a constant M, such that

| /]

T < M., for as < y < B2, and for all %,

we write
f(=,9) = Oy(é(x,9)).

If ¢ is a positive function, and if there exists a constant M, such that

| /]

—¢— < M;, for all positive values of x and y,
we write
f(x,5) = O(¢(x,y)).
It is clear that if f(x, y) =0(¢(x, ), f(x, 3) =0,(¢(x, ) and f(=,y)
=0(¢(z, ¥)), then f(z, y) =0(¢(x, 3)).

* Robison, loc. cit., p. 70.
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LEMMA 1. Let y(x) be a continuous function such that
Y(x) ~Ax* as x— o , where a > — 1

let ¢(x, y) be a function of x and vy, and let

x(%,y) = j;zq&(u,y)w(x — w)du.

Then

() if ¢(x,y) = O0y(#%), and B > — 1,
x(®,) = Oy(x=tt+1) ;

(b) if ¢(x,9) = 0.(y),

X(x;y) = Oz(y’) )
(c) if ¢(x,y) ~ BxPyras x > o, y— o and if (b) is satisfied,
Tla+ 1)r@+1)

~AB geHbHLyy

(a) We can write
Y(u) = Au + ¢1(u), where y1(u) = o(u?).
By hypothesis, constants y, and M, exist such that for 0 Sy =<y,

[ x(2,9)| = f ‘L{%}ll A(x — w)* + Yo(x — u) | wPdu
0

<M1fz]A(x—u)“+¢1(x—u)luﬂdu
0

M:{ | 4] Ta+1)r@E+1)
T+ B8+ 2)

Given e¢>0, we can choose £ so that

xotB+l j;zwl(u')(x - u’)’ldu’}.

z H
f | a)(x — )8 | dw’ < M f W)z — w')du’
0 0
Iy f “W)e(x — w)du = Ty + T,
¢

where M, is a number depending only on £ Since (x—w%')f is increasing
throughout the interval (0, £), or decreasing throughout this interval, by
the second law of the mean for integrals, and for 0 <%, <¢,
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¢ &
= M, [<x ~o [ wraw + @y [ (u')«du'] = O(#) = ofa=+#41).
& 0
We have

J: £ efz(u')“(x — u')Bdu’ = o(xothtl),
0

Therefore |x(x, ¥) | is of the desired form.
(b) For0sx=<ux,,

el 5 |~

= va,j; (x — u)2du = 0.(y),

(x — w)=yrdu

where x; and M; are constants.

(c) Write ¢(u)=Au*+y1(u), where ¢i(u) =0(u=), and ¢(u, y)=DBufyr
+¢1(u, ), where ¢, =o(ufy). Substituting in x(z, y) we obtain the sum of
four integrals. We have

Mle+ 1r@+1) o
Tle+B8+2)

(3.11) AB"fzu’(x — W)edu = AB yv
0

It is necessary to prove that the other three integrals are of the form
o(xatbtiyr),
Given ¢>0, we can choose £ and 5 so that

| ¢1(n,9) | < ewbyr foruz=¢, y=9.

Assume y=1.
We have

f., | A, 9)(x — w2 d
[ z
- f |Aés(,9)(x — w)=| du+ f | 61w, 5)(x — w)=| du
0 ¢

< lA | {My‘f j;e(x - u)“du+eij:uﬂ(x - u)"du}

where M is a constant. ‘
Applying the second law of the mean for integrals to [iy(x—u)du,
we have
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(3.12) fz |A¢1(u,y)(x - u)°| du = O(x=y") + o(x=tb+iyr) = o(xetbtiyr),
0

which is the desired form.
For the same £ and 7,

j;zl é1(u, YWr(x — u) | du

& z
- f |61, 9)0a(x — w) | du + f | 610, YWz — ) | du
0 3
¢ z
M (x—u)|d | (x —
< y"j;H/(x u)[ u-l-ey"j; |¢(x u)|du

= Myt [ = 0| v,
0

where M, depends only on §.
By the proof for J; and J; in (a),

z—§
ey"ﬁ | (x — u’)ﬂ‘l’l(“,)l dw' = o(xx+b+1y)

and therefore

(3.1 S 185wtz = )] an = ooy,
From the proof used for J; and J,,

(3.14) j; " | Bubywa(x — w) | du = o(a=ttiyn).

From the results for (3.11), (3.12), (3.13) and (3.14) it follows that
x(z, ¥) is of the desired form.

LEMMA 2. Let ¢(x, y) and Y(x, y) be functions of x and v, and let
z v
x(x,3) = f f ¥(%,0)¢(x — u,y — v)dvdu.
0 0

Then

(@) if Y(x, ¥)=0,(x*) and ¢(x, y)=0,(x") where o and v are >—1,
x(%,) = Oy(z=trt1);

(b) if Y(x, ) =0.(5%) and ¢(x, y) =0.(y*) where B and & are > —1,
x(%,y) = O.(af¥+1) ;
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(O)* o ¥(x, y)~Axy*t and ¢(x, y)~Bxy® as x>, y—>, and if (a) and

(b) are satisfied,
T(e+ 1)I'B + 1NI(y + D@ + 1)
,¥) ~ AB xotrlyftil
x®) T+ +2r6 +3+2) -
(a) We can find a constant M, such that when 0<2=<y,,
¥(u ,9)

ua

_Q_SE_— %,y — 0)

< M and
(x — u)

<M.

Assuming 0<y<y,, we have
z v
x| < [ [ unta = aydo
0 0

Pla+ 1)I'(y + 1)
< M2 getrtly, = O, (a=trH)
T@+7+2) 7= Ol
(b) The proof of (b) is similar to that of (a).
(c) Using the method used in M., p. 519, we write x(, y) as the sum of
four integrals, the first of which is of the desired form.

We write
z v
3.21) f f Aubp(x — u,y — v)dvdu
0 [}
z v
- f f A(x — w)*(y — v)¢i(u’,v")dv'dw’
1) 0
in the form

z v 4 v z L] z py
AR A A A A A
0 0 0 0 0 0 4 ]
where the integrands on the right hand side of the inequality are in absolute
value. Given ¢>0, we choose £ and 7 so that
o1(u',7) < (W) ()}, for £ S ', n =,
and by methods similar to those used in Lemma 1, we can show that the

integral of (3.21) is of the desired form.
Similarly, we can show that

6.2 [ "B = urly = Do du = afamriprany,

* Case (c) corresponds to M., p. 519, Lemma 4. The conditions (a) and (c) are replaced here by
the less stringent conditions (a) and (b).
t By y(x, y)~Axy® we mean that ¢/(x*y¥)— 4 as x— ®, y— =, independently.
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It remains to prove that
z Y
(3.23) f f Vi(u,0)¢:(x — %,y — v)dvdu = o(xetriybts+l),
0 0

Given ¢>0, we can choose £ and 7 so that
Yi(u,v) < en2v®, for ¢ S u,n < v.

We express the absolute value of the integral as the sum of three integrals,
Ji{,J{,and J{, as in (3.21).
We have

z v
Ji < ef f u*Pd(x — u,y — v)dvdu
4 L]

—¢ v—1
=€ f f (x — u)=(y — v)epr(u',v")dv'du’ .
[} 0
We can choose £ and 7, such that
&4 ,0) < e(w' (V)8 for ey S ', m S 7.

We express J§ as the sum of three integrals as in (3.21) and by methods
similar to those used in Lemma 1, we can show that J/, J¢/, and J{, and
hence (3.23), are of the form o(xetr+1 4B+8+1)

From the results for (3.21), (3.22), and (3.23), it follows that x(x, y)
is of the desired form.

Lemma 3. If p20, ' >0, 720,
C™t (s )_I‘(P+? +1)
Y T+ o)

We have a similar result if 720, »' >0, p=0.
We omit the proof, because of its similarity to that of H. R., Lemma 6.

C’:(u,t)(s — u)?" " du.

LeMMma 4. If p20, p' <1, p'<p and r 20,

p—p' .7 Fp—p'+1) * acku(“ t)
¢ (s,8) =
M Tp+1)r1—-p) Jo u
We have a similar result if =0, ' <7, ' <1 and p=0. The proof is

obtained from the preceding lemma by a method analogous to that of M.,
Lemma 1, part 4.

— u)~*du.
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LEMMA S. Ifunisreal, 0Sn <t p'20,7'20,0<r=1, then
Tr+r+1)
(' + 1(r)

We have a similar result for 0<¢<s, r' 20, p’20, 0<p=<1. The proof
is analogous to that of H.R., Lemma 8, and M., Lemma 2.

' (4 ’ ’
f c’’ (¢,7)(t—7)"1d7| < max | c’ "+'(a,'r)| .
° A Ap

0Stsy

LEMMA 6. If 20,720, p'<1,7'<1,p'<p andy’ <r, then

p—p' 11’ P(? - P, + 1)P(' -7 + 1)
C (s,p) =
e I'(p + 1)I(1 — p)T(r + DI(1 — 1)

s pt g0l ,
. f f —————-—M(u » (s — w)y*(t — v)~""dvdu.
0 0 dvdu

The proof is obtained by applying Lemma 4 twice.

LEMMA 7. If uw is real, 0SE<s, 0<9=<¢, p'20, v’ 20, 0<p=<1 and
0<r=1, then

Fp+p +1)I(r+17+1)

I(p' + DT(P)T(r' + 1I(r)

L L
f f C (o,7)(s— o)t — 7)™ Wrda
o Jo M

,,+'
< max |C:+p " r(o,-r)[ .
"

0SosSt
0SrSy

The proof is analogous to the proofs referred to in Lemma 3.

LemuMA 8. If ¢ is a positive function of x such that
f¢dx-—>°o , G$ Xx— 0

and if f is a function of x and y, such that
f = 0(95), and f = Oz(l))

fzo(dy)dx - o{ fz.pdx}.

Since f=0(¢), for any ¢>0 we can find £ and 5 such that

then

|f| < e, for #= ¢ and y = 1.
Since f=0, (1), there exists some constant M, such that

| 7] < M, for x < &.
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Assuming y =7, we have

J 1< [ T, iz

=

+

L Tz, 3)da

<M(£—a)+efz¢dx§M(£—a)+efz¢dx.
13 ']

Therefore

f.,xf Ny
< +
fu z¢(x)dx fa z«1’>(ac)dx

Since [; ¢dx diverges, we have the desired result.

€.

IV. THEOREMS OF CONSISTENCY

THEOREM I11. If the series D tmn is bounded and summable (R: \, p; u, 1)
to sum U, then D U m, is summable (R: \, p'sm, 1) tosum U, provided p'=p 20,
r=0. Both s~#t-"Cy, (s, £) and s~»'t=* C3, (s, t) are bounded.

It has been proved that a bounded sequence is transformed by a regular
transformation into a bounded sequence;* therefore Theorem III is a special
case of the following more general theorem.

THEOREM III'. If D thmn is summable (R: \, p; u, ) to sum U, and if
CL. (s, £)=0,(t"), then I tUnn is summable (R: \, p’; p, 7) to sum U, and
CLr (s, ) =0,(t7), provided p'=p=0, and r=0. If CL (s, £) =O(s?s"), then
CLy (s, £) =0(s?'t7).

The theorem is obviously true for p’ =p>0. We assume that p’=p+p"/,
where p’' >0; from Lemma 3, we have
"y T " 41

4.1) s, 8 =ﬂ£_i_”_)

M I'(p + DT (p")

Since by hypothesis Cf,(s, £) ~Us?t* as s—o, t—, and since C/I(s, #)
=0,(tr), we have, by Lemma 1(c),

f Cp'(u,t)(s — u)?""~dy.
0o M

U r(p")r(p + 1)
rp+2p"+1)

f C7 (u,1)(s — )" ds ~ e
o M
and by Lemma 1(b)

* Robison, loc. cit., p. 67.
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f C™(w,i)(s — w)?"1du = O,(F").
0o M

If Cf; (s, £) =O(s?tr), we have, by Lemma 1(a),

f CT(w,8)(s — w74 du = Os7+5").
0

Using these results in (4.1), we have the desired theorem.

The analogous theorem for $=0 and »'=7>0 may be proved in the
same way. If we change p to p’ under the condition of Theorem III, and
then change 7 to #’ under the conditions of the analogous theorem, we
obtain the following theorem.

THEOREM IV. If the series D tima is bounded and summable (R: \, p;
B, 1) 1o sum U, then 3 tmn is summable (R: \, p'; p, v') to sum U, provided
p'Zp=0ands’ 2r=0. Boths»t—Cy, (s, 1) and s—'t="'Ch., (s,t) are bounded.*

This theorem is a special case of the following theorem.

THEOREM IV'. If D thma is summable (R: \, p; u, r) to sum U, and if
C,’,;gs, 1) =0(s?t"), then D tmn is summable (R: N\, p’; p, ') to sum U, and
CLl (s, ) =0(s?'t""), provided p’ = p =0, 7' Zr=0.

This group of theorems is a generalization for double series of the first
theorem of consistency, established by Hardy and Rieszt for simple series.
For the generalization for double series of the second theorem of consistency}
we require the following lemmas,§ which we state without proof.

LEMMA 9. Any logarithmico-exponential function (or, in short, L-function)
u(\) is continuous, of constant sign, and monotonic from a certain value of \
onwards; and the same is true of any of its derivatives.

* Cf. M.,p.521,Theorem I. This theorem is true for bounded series. That the proof, even with
this restriction, does not follow from the statement Cr+*(s,7,) = Ci0*, C*+*(01, 7) = Car*, is shown by the
series

1
an=(—1D"1; cun=(— I)RF’ for m # 1,

which is bounded and convergent to zero. If A,=27"1, A, =2m"1 the series is C! summable, but
C(gy, 7) = Cyr is not true.

tH.R., p. 29.

$ H.R,, p. 30; Hardy, The second theorem of consistency for summable series, Proceedings of the
London Mathematical Society, (2), vol. 15 (1915), pp. 72-88.

§ Hardy, The second theorem etc., p. 75.
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LEMMA 10. If p—oo, and a number A exists such that
k=00,

”’(f) = O<%) N

u'” denoting the rth derivative of u(X).

then

LEMMA 11. If u satisfies the conditions of Lemma 10, and if v lies between
two positive numbers g and G, then positive numbers k and H exist, such that

v

< s(W)

s\

The same result holds for decreasing functions which decrease less rapidly

than A~ for some value of A.
The first theorem of the group corresponding to the second theorem of

consistency is as follows.

THEOREM V. If the series 3 un is bounded and summable (R: \, p; p, 1)
to sum U, and if 1 is an L-function of N, such that

n= O(XA)y

where A is a constant, then D uy is summable (R: n, p; u, 7) to sum U, provided
$20,720. Both s~2t~"CL(s, £) and s~2t="CL, (s, t) are bounded.

= H.

This is a special case of the following theorem.

THEOREM V'. If the series ) uw is summable (R: \, p; p, r) to sum U
and if CY, (s, t) =0.(t") ; if n is an L-function of \, such that

n= O()‘A) )
where A is a constant, then D uw is summable (R: n, p; u, 7) to sum U, and
CZ (s,8) =0.(t), provided p=0and r20. If Cl; (s, t) =0(s?tr), then Cy, (s, 1)
=0(st7).

We shall assume that %, is real and that U=0. If u is complex, we
can consider the real and imaginary parts of the series separately. If U =0,
we prove the theorem for the double series Zuu, where

’ {uu—U,fOI'k=l=1,
Ukl =
#r1, for all other k and I.
We complete the proof by adding the convergent double series Zuﬁ, where
” {U,fork=l=1,
Ukl =
0, for all other 2 and /.
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Case 1. =0, r=0.
In Cy, (s, ), let s=(v). Since gn=71(Am) <7(2) <Nms1 When An <0 =<Nmnys,

it follows immediately from the definition of Co (¢, 7) that
00 00
o), w] = € (0,)
and that therefore

¢l lnw),w] = C;, (0,).

Hence the theorem is true under the conditions of Case 1.
From Lemma 3, for » >0, r =0, we have

(4.21) C"(v,'w) =9 oCor'(v,w)(v —»)7ldy = o(vPw").
A\ M A

We wish to prove that

(4.22) C:(s,w) =p f.C:;(a,w)(s — o) dg = o(s*w").

Let s=2(v) and o =9{)=1.
Since

Colnw),wl = C; 0, w),

we may write (4.22) in the form
(4.23) » C:;(v,w)(s — n)?i'dy = o(sPw").
M

Case 2. Assume p a positive integer and r 0.
By repeated applications of (3.4), we have

or 1 /0\? o
Cov,w) = E(E) (v, ).
Substituting this expression in (4.23), we have a constant multiple of

1] a P or L
J = (5— CM(v,w)(s — )P ly/dy.

A\ v

Integrating J by parts p times, we obtain
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7 = o[, w)(a%)’(s - n)’]'_h
e fen(G) e

= (- )7 (v, ) [(%)p(‘ - ")’],...

v or a p+l
+(—1r x,C""(y,w) <;’) (s —n)rdv

=Jy+ Ja.

L ol

Since
a\*
[(Z)]_ = vopeorm,
dv y=v
where
d
/= —4y(v), when » = v,
v
we have o
. N
(4.31) J= —p!C:r(v,w)(s')r = — ! (2, 0) (ﬁ)
» vPw" s
= 0(1)0(1)sPw" = o(s*w") ,
by Lemma 10.
We can easily prove that
3\?+
(a_> (s — )7 = ZAsroypo()i(n")n+ -+

where the A’s are constants, and

0<Bo+Bi+Bat - =asp,

(4.32)
Br1+28:+ 3B+ ---=p+1.

Therefore J; is the sum of constant multiples of integrals of the form

(4.33) s« C::(y,w)n’o(n’)ﬂl(n”)’l ¢ e dy.
M
Since C}, (v, w) =o(»*w"), and since, by Lemma 10,
ptm = o(.”_ ,
yﬂ

(4.33) is of the form

sPw

r

[October
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soa : o(vPw")nPon’ [0 ( _:_ )]ﬂn—l[o % )]h R

(4.34) =sre | o { wiyPBi— et Hlybethit- - —1y/ 1 gy
M

L 4
= a-"“w'f o{n""n'}dv.
A

1

The conditions of Lemma 8 are satisfied, since

’ ’,a
f")a_lﬂ’d" =——>®, as ¥y > X,
a

and since

Chu(v, w)

w"

Pl P - - = OL(1).

Therefore we may write (4.34) as

(4.35) s?“"w'o{ f — n’dv} = (s*w').
M
From (4.31) and (4.35) we have
J = o(s*w"),

701

which proves that the series is summable (R: 7, p; p, r) under the conditions
of Case 2. To complete the proof for Case 2, we raust show that under the
same conditions, C% (s, £)=0,(t), [Ch=O0(s?#)], provided C},=0.(t),

[CR=0()].

Assume s bounded; then v is bounded. Let w—. From (4.31) we have

(4.41) Ji=— p!gr:iv—’j”)—O(l)s"w'

= 0,(1)0(1)w" = O,(w").

If we assume w bounded, while s—, and hence »—, we have

(4.42) J1 = 0,(1)0(1)s? = 0.(s?).
The integral of (4.33) may be written

[z TG
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If w— o, while s and v are bounded, this integral is of the form
(4.43) 572 0,(w") J P ne=ly'dy = O,(w").
A

If we assume w bounded, while s and v—o, we have

sPe 0o (1)yPAi=18—+ - +lga—1ly/dy

(4.44) .

= s57720,(1) | 7o l9'dv = O,(s?).
A\

From (4.41), (4.42), (4.43), and (4.44) we see that the theorem is true
under the conditions of Case 2.

To complete the theorem, we must consider the cases 0<p <1, r=20,
and p>1 and not integral, r=0. The proof that the series is summable
(R: m, p; m, r) under the conditions of Case 2 is the same as the proof of the
corresponding case of the second theorem of consistency* for simple series,
if, in the latter proof, we replace Cy*(¢) by C.(v, w) and o({*) by o(srwr),
letting p =«, A=\, and making appropriate changes in » and s for changes
in ¢ and ¢. The proof that the series is summable under the conditions of the
remaining cases may be obtained in the same way from the corresponding
cases of the theorem for simple series; the extended proof requires Lemmas 5
and 8, together with the group of lemmas 9, 10 and 11. As in Case 2, the
fact that C%(s, £) =O,(#), [Ch.=O(s?#)], may be deduced from the equations
used in proving the summability.

THEOREM VI. If the series 3 uw is summaoe (R: \, 0; u, r) to sum U,
and if 7 is an increasing function of N, r =0, then D _uy, is summable (R: 9, 0;
u,7). If Ci(s, ?) is bounded for s bounded, or t bounded, or both bounded, Coyf(s, )
is bounded similarly.

This theorem follows immediately from the proof of Case 1, Theorem V’.

If we hold \ fixed, and let 6 =0(u?), and if =0, r =0, we have a theorem
analogous to Theorem V. The theorems corresponding to Theorems V’
and VI are also true. If we now change A to # under the conditions of
Theorem V, and change u to 6 under the conditions of the analogous theorem,
we have the following theorem of consistency.

THEOREM VIL. If the series D ux, is bounded and summable (R: N\, p;
i, r) to sum U, and if n is an L-function of \, and 0 an L-function of u, such
that
7 = O(\%) and 6 = O(u?).

* Hardy, loc. cit., pp. 77. 78.
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where Ay and Ay are constants, then > ux: is summable (R: 4, p; 0, r) to sum

U, provided p 20, r20. Both s#t—"C3,(s, t) and s#t~"Cry(s, t) are bounded.
This is a special case of the following theorem.

THEOREM VII'. If the series D uw is summable (R: N, p; u, r) to sum U,
and if C3(s, 8) =0(s*’); if n is an L-function of N, and 0 an L-function of u,
such that

1 = O(\&) and 8 = O(ud),

where A, and A; are constants, then Zuu is summable (R: 7, p;0,1) to sum U,
and Ciy(s, £) =O(s*tr), provided =0, r20.
V. NECESSARY CONDITIONS FOR SUMMABILITY
THEOREM VIIL. IfD i.1m1,. ..., % is summable (R: N, p; u, r) to sum U,

then
A » ’
Ut — U=o[< 41 )( el )]
Aep1 — M/ \pip1 —

If, in addition, C3.(s, 1) =O0,(t"), then

ouv-ol( 2]
Miy1 — M

’:f C:;(S, t) =O¢(S’), then

A P
Un—U = o,[(—-——"“ ) ]
N1 — Nk

This theorem is a special case of the following more general theorem.

THEOREM IX. If D iim1,. ..., %kt is summable (R: N, p; p, 1) to sum U,
and if p’ and r’ are integers such that 0=p'<p, 0=r’<r, where \;<s for
P'=0, mi<t for r' =0, \Ne S5 =iy, for p'>0, and p <t =S piya for ' >0, then

Mot ‘ Bii1 ]
Mk = M)?7%" (g — )1
If, in addition, C3,(s, t)=0,(t), then

Cpl"(s,t) — Us?'tr = o[
Ap

r i Illr+1
Cc’(s,p) - Us?t’ = 0| ————|;
" (s, | (g1 — )]’
Y CRu(s, 8) =0u(s?), then

- A l:}- . -k

LAy — )7
* Cf. M., p. 521, Theorem II (i). The proof is incorrect when p and r (or either p or ) are

integral, since under these conditions the formula for C*(X, ©) does not follow from Lemma 1.

C;" (s,8) — Us*t” =0,
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Case 1. Assume p and r integral; p=1,r=>1.

Assume U =0, and %, real.

Let Q.—\.=xk, where x=1, 2, - - -, p and A=(Ars1—Ns)/p, and let
Yy—mi=yj, where y=1,2, .-, r andj=(l“+1_ﬂl)/'°

Let € and ¢ denote any of these numbers.

By Lemma 3, applied twice, we have

a 4 p—1,r—1 pr

610 pr [ [ 0, rde = CL @) = o(@) = o).
0 0

Using Lemma 7, and the fact that

Clo,7) = 0o™") = o(\ami),

we have

2 v -
f f ¢t (o,7)drde
M Y M

[+] 12 A 12 Q I M o
=[S e,
0 [ (] ] 0 0 0 0
Writing

a v . e pv .
f f c 1(cr,'r)d‘rdcr = f f cr l(tr,'r)d('l' — 7)d(Q — o)
A Vi M AR ;M

"

and integrating (r—1) times by parts with respect to 7, and (p—1) times
with respect to o, we have

- ~1 -
6 = [@=2 L 0nm) + @ 0w )
1 0,r—1
+ - +—(Q - M)’C)‘ M+ 0, m)]
p »

p—1,r—2

(xhl‘l)

-1
+5 LA m)’[(ﬂ - MC,
1 0,r—2
+ .- +-;(9 - M)’C,m M\ 40, m)]+ <o
1
+ 7('1' - w") [(9 - M)C:: l'o()\k,m + 0)

1
+o @ MPC N +0,m+0)]-
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For the p different values of x, and the  different values of y, we get pr
different linear combinations of the form (5.2). The proof of the first part
of the theorem may be completed as in M., p. 523.

The proof of the second part of the theorem is entirely similar if o is
replaced by O, or by O..

Case 2. Assume p and r not integral. The proof is that of M., p. 522.

Case 3. Assume p integral, and 7 not integral.

We define . as in Case 1, and ¢, as in Case 2; we apply Lemma 3 twice,
and then Lemma 7, and integrate the result by parts, [r] times with respect
to 7 and (p —1) times with respect to . The rest of the proof is similar to that
for Case 1.

By a similar proof, we can show that the theorem is true for p not integral,
and r integral.

By means of Theorem VIII, we can prove the following theorems.

THEOREM X. If Ny=0An—Nm-1), then no double series can be summable
(R: \, p; 1, 0) unless it is convergent.

THEOREM XI. If pn=0(un—pn—1), then no double series can be summable
(R: N\, 0; p, 7) unless it is convergent.

THEOREM XII. If An=0An—An-1) and pp=0(us—pn_1), then no double
series can be summable (R: N, p; u, r) unless it is convergent.

VI. MULTIPLICATION

We consider the double series D m,net.---.0 @ma 30d D moaet, - - +10 Doy
and form the Dirichlet double series

0 00
’

D G €t and D by €M 50t
1,1
Let A\; be the ascending sequence formed by all the values of Ao ’+k
an B, the ascendmg sequence formed by all the values of ;4, +pq If
Ay, +)\q, = )\,,,+)\q,, so that two values of A are the same, the order of these
two values is indifferent. The same thing is true for two equal values of pu.
The series D i jm1,. ... Cij, Where

Cij = Z E amnbkl,

An/HNg ‘=N pp py -y

is analogous to the Dirichlet product for simple series. We shall call it the
Dirichlet product of the double series D @ma, ) bma, of type (\/, p’; X", u”’).
We shall call the double series Y m.ne1, - - .o Cmn, Where
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Cmn = a1bmn  + - - -+ Giabm
+anbnaat- - -+ armbmara+ - -
+ amibin + - - - 4 amadns )

the Cauchy product of the double series > @m, and 3_bn,. It is analogous to
the Cauchy product for simple series.

The analogues of the theorems of Mertens, Abel and Cauchy for the
Cauchy product of simple series have been proved for the Dirichlet product
of simple series.* We shall prove corresponding theorems for the Dirichlet
product of double series. Since the Cauchy product is a special case of the
Dirichlet product, it follows that these theorems must be true also for the
Cauchy product of double series.

THEOREM XIIL. If D ams is absolutely convergent to sum A, and Y bma
convergent to sum B and bounded, then Y c.;, the Dirichlet product of the type
A\, u'; N, u'"), is convergent to sum C and bourided, and C = AB.

We assume that B=0.
Let C,, be a partial sum of the product series, and let am. be the a of
highest rank in it. Then

m,n k,l
Cuy = 2 a‘-,'Bkz, where Bkz = Z b.';
tm], jeml tm=], jaml
and where & is a function of 7 and m, and / a function of j and %.
Suppose C,, contains a term a,sb,s. Then it contains all the terms a,.b,
(p=v,r=<v,¢=0,5=<4). Therefore
m7, n=d;
kzy, fori=1,2,--., 4,
126, forj=1,2,---,4.
Since Y bmx—0, and since D @, is absolutely convergent, it is possible
to choose ¥ and & so that
|Bul <e kZvy,l26
and

©

. 7.8
2las|l = Xleil <e

1,1 1,1

* H.R., pp. 63, 64.
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By hypothesis, By is bounded. Let B be an upper bound of | By |.
Then

m,n v.,8 7.8
(Col 5 B[ Zloul = Elaul |+ Xl ou
1,1 1,1 1,1
<eB+A4).

Therefore C,, approaches zero asy and § approach o, that is. as m and »
approach .
’
If B0, we form a new series, 3_b,.,, such that

b1y = by — B

and ,

bmn = bmn, form = 1 andn = 1.

Then the Dirichlet product of 3¢, and Y b.,—0: therefore the Dirichlet
product of 2 @ms and 2_bma—A4B.

To prove that the product series is bounded, we prove first that since
> @ma is absolutely convergent, Y | @ | is bounded. For there exists an M ,
such that when m>M , n>M,

' Ia;,-l <A +e.
1,1

But for any p and ¢ we can find an m and an », such that p<m, g<n, m>M,
n>M. Therefore

p.q m,n
> a,-,-l < XY laii|l <A +e, forall pandg,
1,1 1,1

and Y | ama | is bounded.
Let A be an upper bound of 3 | ama|. We have

m,n

»= 2 6i;Bu.

], juml

o

Therefore

3

Z | aii]| Bx| < w4

tan]l, fuml

THEOREM XIV. IfD Gmny D bms a8 D Cma are all convergent and bounded,
where Zc,,.,. is the Dirichlet product, then AB=C.

By means of Theorem IV, we deduce this theorem from the following more
general theorem.
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THEOREM XV. If 3 amn is summable (R: X', p’; u’, ') to sum A, and if
D b is summable (R: N, p""; 1", 7"") to sum B, where p’, ', p"" and '’ > —1,
and if o't A¥(st) and o*"r7"BLI.(s) are bounded, then the Dirichlet
product series, Y Cmn, is summable (R: \, p; u, 7) to sum C, where p=p'+p"’
+1,r=r"+r""41,and AB=C, and C},(s, t) is bounded.

We have
A::::(S,t) = E E (S - R;.)"(t - I‘n)"amn

Ap<s  pi<t
B, (s,) = X X (s = M) — w)"bu,
B AI<s ppi<t
and
pr
Colsit) = 2 20 (s = N)2(t — wi)aus.

Ai<s i<t

We shall prove that

T(p+1) I(r+1)
T(p' + D)r(” +1) T( 4+ DT@” + 1)

(6.1) C(s,8) =

L ‘ I" ""’
. f f Ap' (o, B” " (s — a,t — 1)drdo.
o Jo Mo

Attt

For consider the term @mabi. It occurs in CY(s, £) if Am’+N’’'<s and
B’ +m’’ <t, with the coefficient

(s = )Pt — )" = (s — N — M")?(t — pd — )"
The term @, occurs in A3..(c, 7) if An' <0, and pa’ <7, with the coefficient
(0=An")?" (r—pa")"; br occurs in BY.p(s—o,t—7) if Ni/'<s—o,and p"’ <
t—7, with the coefficient (s—o—\:'")?"” (f—7—w'")"’. Therefore amadi
occurs in the right hand member of (6.1) if An’+N'' <s and p.'+m'’ <¢,
and it scoeflicient is
T(p + 1) T(r + 1)
T + Or(” +1) TI(¢ + DI + 1)

Ny pt—ny ,
. f , f , (=M= )" — 0 =N =7~ ') drdo
Am bn

T+ 1) I(r + 1) [ e (5 — ) ()
TT@ 4 DTG+ 1) T+ 1)1‘(r"+1)f..f0 w'v'(x — w)*"(y— 0)""dodu
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= Y = (s = N = MR — = )
Therefore (6.1) is established.

But Ayr(o, T)~Ao?'t”" and By.(o, T)~Bo?"'t"", and A3,(o, 7)/(c?'r")
and B}.,(c, 7)/(e?"7*"") are bounded.

Therefore by Lemma 2, C¥(s, £) ~ABs?#, and the transformed sequence
is bounded, which proves the theorem.

THEOREM XVI. If Y Gmn and D bma are absolutely convergent with sums A
and B, then the Dirichlet product series of type (\', u'; N/, u'") is absolutely
convergent with sum AB.

Since Y @ma and Y bmn. are absolutely convergent, the series D | Gma|
and Y | bma| are convergent and bounded. Therefore, by Theorem XIII,
their product series is convergent and bounded.

Suppose
Gi= 2, > Gmabu

A/ ENg =Ny pp' by =y

dij= 2, Y Gmabu.

Ao/ +Ap’ '=Ng Ry -

and

Then |dij|<c:j, and by the comparison test for double series, 3| ds;| is
convergent. Hence ) d;; is absolutely convergent and by Theorem XIII
its sum is AB.

CorNELL UNIVERSITY,
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